I. INTRODUCTION
Photons are an attractive candidate for quantum computation [1, 2] because of their inherently high degree of environmental isolation. However, this key advantage leads directly to their greatest downside, an inherent difficulty in producing controllable and large interactions between two individual photons [1, 2] . One area of active research that aims to overcome this downside is the use of multi-photon transitions in atomic vapors that have been shown to act as an excellent mediator for generating strong photon-photon interactions [3] . This is particularly the case if these interactions can be performed in constrained geometries, which intrinsically enhance the intensity of the photon beams.
The threshold required for deterministic photon processing is the production of a 10 −5 to 10 −2 radian optical phase shift as a result of a single photon-photon interaction [4] [5] [6] . To reach such a target, enhancement of the photon-photon interaction strength can be created by performing the photon-atom interaction inside small cross-section and low-loss engineered waveguides. A number of experimental approaches using warm atomic vapors on different platforms have been made using this philosophy including: hollow-core photonic crystal fibers (HC-PCF) [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , tapered fibers [19] [20] [21] and exposedcore fibers [22] . These optical fiber approaches have been paralleled by work based on chip-based waveguides [23] [24] [25] [26] [27] that aim at better stability and scalability although with higher losses than the fiber approaches.
These experimental architectures have led to optical phase shifts of 1 µrad to 300 µrad per photon being demonstrated within rubidium filled hollow-core fiber [11, 13] , as well as all-optical switching using chip-based micro-disks [33] .
These strong interactions were only obtained because of the use of tightly confined optical modes. However, as we show here, the small transverse scale of the modes leads to an unavoidable loss of interaction strength because of the limited light-atom interaction times within this constrained geometry.
This paper develops the theory to explain the effect of limited light-atom interaction times on the interaction strength and shows that this explains our observations of photon interactions mediated by a confined thermal ensemble of rubidium atoms. Under such conditions, we show the interaction strength does not scale with the beam intensities as might be naively expected. It is important to understand this effect as otherwise a simple scaling of existing experiments can lead to unrealistically strong expectations of interactions.
II. EXPERIMENT
This paper presents measurements of photon-photon interaction in hollow-core fibers with four different core diameters. The properties of the fibers are summarized in Table I with the corresponding scanning electron microscope images shown in Fig. 1 . Three of the fibers (Fibers 2−4) have kagome cladding lattice that guides via Inhibited-Coupling (IC) guiding mechanism [32, 34] , while the final fiber (Fiber 1) is a photonic bandgap (PBG) guiding HC-PCF and contrasts with the other fibers by its much smaller core diameter [28, 29] . The dispersion and birefringent properties of the fibers were ignored as only a 400 MHz spectral window was observed [35] . Each fiber supported multiple transverse spatial Fig. 1 , while mode diameters were simulated using finite elements modeling of the fundamental mode and confirmed with experimental beam divergence measurements. References are provided for similar types of fiber to those used.
modes; however, through careful matching of the input mode to the fundamental guided mode it was possible to ensure that the fundamental mode was predominantly excited. The far-field spatial mode shape showed a Gaussian profile which confirms coupling to the fundamental mode but does not guarantee single mode guidance. We ascertained an accurate estimate of the diameter of the fundamental guided modes by electromagnetic finite element modeling [36] , and then confirmed this by measuring the divergence of the fundamental mode exiting the fiber. Each of the fibers was ∼30 cm in length and mounted on a stainless steel platform that sits inside a vacuum chamber. The vacuum chamber temperature was maintained between 50
• C to 70
• C (measured at the coldest point on the chamber) to create a dense rubidium (Rb) vapor. To verify the fibers possessed a Rb vapor within their core, fluorescence from the Rb D 2 transition, 5S 1/2 →5P 3/2 , was observed scattering light from the guided mode. Fibers 2−4 showed fluorescence and thus a Rb vapor present along their whole length, on the other hand, the smallest fiber (fiber 1), only showed fluorescence near the fiber ends. For the purposes of a valid inter-comparison between fibers, it is important to determine the effective total atomic number in each fiber which was measured via the optical depth of the D 2 transition, [37] , see Table III . The optical depth for fibre 4 was assumed to be that of fibre 3 as they were taken under identical conditions.
The photon-photon coupling within the waveguide is mediated by the 5S 1/2 (F =2) →5D 5/2 (F =1−4) twophoton transition of 87 Rb [12, 38] , a system that has been shown to produce optical phase shifts sufficient for deterministic photon processing [11, 13] . Although the 85 Rb isotope would have offered a stronger interaction under given conditions (due to its higher natural abundance), this paper focuses on the 87 Rb isotope as its excited state hyperfine splitting is fully resolved. This allows a clearer exposition of the broadening processes. Figure 2 (a) shows the atomic energy levels, driving lasers, and decay routes for the relevant processes used in this experiment. The strength of the two-photon nonlinearity is enhanced by tuning the probe (780 nm) and pump (776 nm) lasers so that the intermediate frequency of the two photon transition is in the environs (≈2.1 GHz red-detuned) of the 5P 3/2 state. The 780 nm and 776 nm lasers enter the fiber from opposite ends to implement a Table I .
Doppler-free counter-propagating excitation of the transition. This leads to both strong light-atom interaction as well as narrow line-widths [12, 38, 39] . The remainder of this paper will label the ground (5S 1/2 ) state |g while the intermediate (5P 3/2 ) and excited (5D 5/2 ) energy levels are |i and |e , respectively, with associated decay rates Γ i and Γ e . The frequency detuning from the intermediate state is given by ∆ i =ω gi −ω 780 , and the two-photon detuning ∆ e =ω ge − (ω 780 +ω 776 ) where ω jk denotes the |j → |k transition frequency.
The details of the optical arrangement and the detection scheme are shown in Fig. 2(b) . A 780 nm extended cavity diode laser (ECDL) and titanium:sapphire laser tuned to 776 nm were used to excite the two-photon transition. The polarization of the two lasers were aligned orthogonally, allowing their separation using polarizing beam splitters after the fibers. Any unwanted reflected light from the input of the fibers remaining after the polarizing beam splitters was rejected using diffraction gratings.
To measure both the 780 nm absorption and phaseshift induced by the 776 nm beam, two separate 780 nm beams of equal power were coupled into the fibers. These two beams were generated using an acoustic optic modulator (AOM) to give a frequency separation of 160 MHz between the two beams (see Fig. 2 (b)). This frequency separation is larger than the transition manifold width ≈75 MHz, ensuring that one of the 780 nm beams can act as an unperturbed phase reference, while the second beam can be scanned across the transition to probe the absorption and phase shift. The two 780 nm beams are co-propagating to maximize common-mode rejection of path length fluctuations. The two 780 nm beams are mixed both before and after the fiber to generate two interference signals Fig. 2(b) .We down-mix these interference signals (160 MHz) into the frequency range of a conventional lock-in amplifier using a common local oscillator at 159.9 MHz. The interference signal generated at the input to the fiber is used to synchronize the lock-in amplifier, while the transmission interference signal is synchronously detected by the lock-in amplifier. This measures the complex optical transmittance of the fiber with the high precision and stability of the radio-frequency domain. A typical absorption spectrum of the 780 nm laser is shown in Fig. 3 , with each hyperfine absorption feature showing an associated dispersive feature.
For an independent comparison, the two-photon transition was also excited within a conventional Rb cell which was detected through the 420 nm fluorescence generated from the two-photon transition decay, see Fig. 2(a) . The input intensity into the cell was adjusted well below the saturation power of the transition to provide a measure of the linewidth of an unsaturated twophoton transition in an unconstrained geometry. The relative optical frequency was derived in a two-step procedure: an optical cavity with a free-spectral range of ∼300 MHz was used to provide a set of equally-separated markers on the frequency axis. The frequency separation and position of these markers was accurately calibrated using the known frequency positions and spacings of the resonant features of the rubidium vapour contained within the cell (see Fig. 3 [38] ). Over a frequency range
Example two-photon absorption spectra (top) and phase-shift (middle) recorded on the probe (780 nm) light within the 45 µm core-diameter fiber, Fiber 3. A reference fluorescence spectra from a bulk cell was recorded simultaneously (bottom). In this example P780≈1 µW and P776≈300 µW. Frequency detuning corresponds to probe (780 nm) detuning of 400 MHz we estimate a maximum frequency axis error of ±570 kHz.
III. RESULTS
To characterize the photon-photon coupling strength, two-photon spectra were taken at a variety of pump and probe powers. The complex response of a Doppler broadened transition can be modeled as a Faddeeva function, defined as w(z)=e
The real part of the Faddeeva function is the traditional Voigt function (a convolution of a Lorentzian and Gaussian functions) that provides a model of the optical depth of the absorptive media. The imaginary part of the Faddeeva function can be used to model the optical phase-shift caused by a Doppler-broadened absorption. In a typi-cal free atomic vapor, the Lorentzian component arises from the excited state lifetime (238.5 ns resulting in a 667.3 kHz linewidth [40] ). A Gaussian contribution to the linewidth arises from residual Doppler broadening as the two counter-propagating beams are not the same wavelength [39] . This creates a 1/e Doppler broadened half-width of ≈1.7 MHz. The limited light-atom interaction time of the atom transiting the optical mode, averaged over all possible trajectories and velocities, leads to a transit-time broadening that increases both the Lorentzian and Gaussian component widths. To measure the transit-time effect on both the optical depth and phase shift as a function of the optical mode size in the various fibers, the complex Faddeeva function was fitted to each of the excited state hyperfine components. Figure 3 shows the data and fits to the absorption spectra, optical phase shift and cell fluorescence. The absorption and optical phase shift spectra were fitted simultaneously. For each hyperfine transition the position, amplitude, Lorentzian and Gaussian widths are all free parameters to allow for power dependent spectral broadening that effected each of the hyperfine transitions differently. Each of the two absorption and phase-shift spectra for each hyperfine transition share position and width parameters.
The retrieved 5S 1/2 (F =2) →5D 5/2 (F =4) transition optical depth, phase shift, and spectral linewidth fullwidth at half-maximum, FWHM, from fitting are presented in Fig. 4 for varying 776 nm powers within the 45 µm-core diameter fiber, Fiber 3. To compare the strength of the two-photon transition within each fiber we use a measure of the optical depth and phase-shift per photon, while the spectral FWHM linewidth within each fiber is presented near zero-power. To measure only the effect of the confined geometries upon the light-atom interactions power dependent broadening was avoided by maintaining the 780 nm probe power below observed two-photon 'saturation' value while measurements were made. It can be seen in Fig. 4 , large 776 nm control powers broaden the two-photon transition, lowering the effective photon interaction strength. To extrapolate the twophoton interaction strength to the single-photon regime, a theoretical understanding of the characteristics of the two-photon transition is necessary.
IV. THEORY
The two-photon transition was modeled using a fivelevel atomic model, consisting of two hyper-fine ground states |g 1 and |g 2 , an intermediate state |i and the two-photon excited state |e . From the excited state the atom can decay back to the ground state via the intermediate state |i or an alternative decay path |d , shown in Fig. 2 . The decay rate between any two level |j → |k is denoted Γ jk . Two lasers excite the two-photon transition coupling the |g → |i and |i → |e transitions with coupling strengths Ω gi and Ω ie respectively. In the 
A decay rate of Γ j,k links states |j to |k , incorporated into the optical Block equation via the Lindblad superoperator [41] . The total decay from state |j is denoted Γ j . In the absence of external electric and magnetic fields the atomic Hamiltonian is given by:
where ω jk is the transition frequency between states |j and |k . Finally, the Hamiltonian that governs the lightatom interaction is given by:
where Ω j,k (t, x) is the Rabi frequency of the laser coupling the |j → |k transition which is defined to be Ω j,k (t, x)=µ j,k E j,k (t, x)/ , where µ j,k is the dipole matrix element of the transition, see Table II , and E j,k (t, x) is the local electric field coupling the transition. It is evident in Fig. 4 that power dependent spectral broadening dominates over all other broadening mechanisms at high powers. Thus, to model the power dependent broadening, atomic motion within the HC-PCF was ignored.
Under the experimental conditions, where the 780 nm laser is below saturation Ω g,i <Γ i , it can be assumed that the majority of the population is in the ground state ρ g1,g1 +ρ g2,g2 ≈1. Solving Eqns. 1 to 3 for the steadystate coherence observed by the 780 nm probe results in the following:
(4) The two-photon resonance frequency can be solved for by maximizing the second term giving:
This result shows both Rabi splitting and light-shifts of the two-photon transition frequency for large pump Rabi frequencies Ω i,e . However, it should be noted that power broadening in the traditional sense, associated with population pumping between ground states, is not observed as population transfer through the two-photon transition is relatively minimal. Thus, the broadening of the two-photon transition observed in Fig. 4 is a result of spatially-varying light-shifts of the two-photon transition, Eqn. 5, due to the spatial structure of the optical mode within the HC-PCF.
To estimate the effect of the light shifts upon the twophoton transition strength, Eqn. 4 was numerically averaged over the spatially-varying light-shifts over the optical mode evaluated for Ω i,e <∆ e . The resulting twophoton linshape has a Voigt profile, arising from averaging the Lorentzian two-photon lineshape over a light shift with a Gaussian spatial dependence. The Voigt has a FWHM of:
where Γ 0 is the zero-power spectral line-width and β is a saturation parameter. The optical depth and maximum phase-shift per photon similarly take the form: A summary of the two-photon optical depths and phase shifts observed within the fibers. The three measured columns present the Rb column density, measured using the 5S 1/2 →5P 3/2 , D2 optical depths, and the two-photon optical depth and phase shift per photon extracted from zero-power extrapolation like that shown in Fig. 4 . The two scaled columns, scale each of the fibers Rb column densities to match that of Fiber 4 to clearly show the dependence on optical mode diameter.
where α 0 and Φ 0 are the asymptotic maximum optical depth and phase shift the atomic ensemble can produce due to broadening effects. Equations 6 to 8 were used to extract the zero-power spectral line-width, optical depth and optical phase shift per photon for each fiber from the power dependence data, Fig. 4 , the results of which are presented in Fig. 5 .
In the limit of single-photon excitation, the dominant broadening mechanism is the limited interaction time between the light and atoms, which is brought about by transit-time broadening. To calculate the effect of transit-time broadening the absorption and phase shift were averaged over all possible trajectories and velocities through the optical mode [44] [45] [46] . We averaged the two-photon coherences over all transverse speeds v t and axial velocities v z using a Maxwell-Boltzmann distribution. The averaged refractive index was evaluated via:
whereχ g,i (∆) is the averaged susceptibility which is assumed to be small, following from the low power excitation assumption. The averaged susceptibility is calculated by numerically averaging over the aforementioned physical processes:
where dA is the cross-sectional mode area with dA=dx dy, N is the number density of the vapor, c is the speed of light, is the reduced Planck constant, and
where F t (v t ) and F z (v z ) are the axial and transverse Maxwell-Boltzmann velocity distribution functions respectively [46] . It is assumed that the optical phase front remains uniform through the fiber as the phase shift imparted is small, thus lensing effects have been ignored. The optical depth and phase shift where then calculated via α g,i (∆)=2ω g,i Im(n g,i (∆))/c and φ g,i (∆)=ω g,i Re(n g,i (∆))/c respectively [41] . The modeled spectral lineshape resulting from evaluating Eqn. 9 include: the natural line-shape of the two-photon transition, residual Doppler broadening, and transit-time broadening. The natural line shape of the two-photon transition was incorporated thought the equations of motion Eqn. 1, while residual Doppler broadening results from averaging over all axial velocities, v z , in Eqn. 10. Transit-time broadening arises from averaging over all transverse velocities, v t , and trajectories through the optical mode, dx and dy, in Eqn. 10. Finally, the resultant modeled lineshape was convolved with the 780 nm and 776 nm lasers linewidths, measured to both be 1.1 MHz, integrated over the time to acquire a single spectra.
The result of the modeling is shown by the gray lines on Fig. 5 showing good agreement with the experimental data. It is important to note that there are no free parameters in this modeling with all atomic parameters such as decay rate and transition dipole matrix elements being taken from the literature (see Table II ), while all the experimental parameters, such as the length of the fiber, were measured and fixed in the analysis. The largest uncertainty was knowledge of the 780 nm and 776 nm laser spatial mode overlap along the length of the fibers. Mismatch of the spatial optical modes would greatly reduce the two-photon excitation efficiency, which is proportional to the product of the laser intensities, within the highly multi-mode fibers (fibers 2−4) which is seen in the experimental data.
V. DISCUSSION
The extrapolated zero-power spectral line-width FWHM for each fiber are presented in Fig. 5 (top) , characterised in terms of optical mode diameter, along with the numerical modeling. We have included (not included) the effects of transit-time broadening in the modeling in the grey (dashed) lines. The vertical error bars are extracted from uncertainty in extrapolation to zero-power, while horizontal error bars follow from Table I . The data shows good agreement with numerical modeling.
With decreasing mode diameters, the two-photon linewidths show a clear departure from the linewidths expected from the natural linewidth and residual Doppler broadening. This departure is a result of the limited light-atom interaction time. As the interaction time is proportional to the mode diameters, d, the transit time broadening is proportional to 1/d, as depicted by the dotted line in Fig. 5 (top) . In the most extreme example, Fiber 1, the mode diameter of (7.3 ± 1.6) µm leads to a transit-time of atoms through the optical mode, averaged over all velocities and trajectories, of ≈33 ns. This is substantially smaller than the natural lifetime of the excited state, 238.5 ns [40] , leading to a spectral FWHM of (34.9 ± 0.5) MHz dominated by transit-time spectral broadening.
The optical depth and phase shift generated per input photon for each of the different fiber core diameters is also shown in bottom two panels of Fig. 5 respectively. In each case, these values have been scaled to the Rb absorption present in Fiber 4 so that it is easy to make a comparison between different mode diameters, see Table III . Typically the two-photon interaction strength is proportional to the pump beams intensity, thus 1/d 2 . However, as a result of the transit-time broadened spectral line-width, the dependence of both the optical depth and phase shift per photon upon mode diameter is reduced to 1/d. This is also evident in the numerical modeling where we have alternatively included or excluded the effects of transittime broadening (see the grey and black dashed lines in Fig. 5 respectively) . The experimentally measured optical depth and phase shift follow the general trend of the theoretical model, gray line, indicating the changing mode radius and finite light-atom interaction time explain the observed photon-photon interaction strength. The deviation between experiment and modeling in some cases may be due to poor determination of the Rb vapor column density within the fibers.
It is clear that the effect of transit-time broadening profoundly influences the strength of the light-atom coupling and thus the photon-photon interaction strength. This has significant implications for waveguide-based platforms that intend to use warm vapors to mediate such interactions rendering them less efficient than might be expected if the effects of transit-time broadening are ignored.
To maximize the interaction strength between two photons this analysis points a way forward: one needs to simultaneously use a constrained geometry to maximize the intensity of the light while also setting the coherent interaction time between the atoms and light to be at least equal to the lifetime of the excited atomic energy level. If the nonlinear effect is mediated by groundstate transitions, also affected by transit-time broadening, then the coherence could be increased by using a buffer-gas [47, 48] or by applying an anti-relaxation coating to the fiber core walls [49, 50] , relevant to quantum optical memory applications [15] . These techniques, however, do not extend the coherent interaction time with an optically excited state: in this case one requires no collisions with other atoms or the fiber wall. One solution to extend excited state coherence is to reduce the average motion of the atoms, pointing towards laser-cooled atoms as a route to create strong photon-photon interaction mediated by light-atom interactions in waveguide geometries [8, 19, 35, 51, 52] .
VI. CONCLUSION
We have presented a broad study into photon-photon interactions mediated via a rubidium vapor loaded within hollow-core fibers with a range of different core sizes. We show limited light-atom interaction time leads to transittime broadening, increasing the spectral line-width proportional to 1/d. As a result, the interaction strength increases proportional to the optical mode diameter, 1/d, rather than that typically expected from an increasing intensity field, 1/d 2 . The optical depth and phase shift induced upon one optical mode as a result of the magnitude of the second optical mode was shown to agree well with a derived theoretical model of the two-photon transition. As a result, this work allows accurate estimation of the expected photon-photon interaction strength to be expected from a given waveguide geometry, thus allowing waveguides to be designed to target specific photonphoton interaction strengths.
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